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Abstract-The general method which works for Che case of linear properties of hclerogenet'us
materials is taken as a pattern for the derivation of the local strain field in time-independent plasticity
of polycrystals. The localization procedure leads to an integral equation solved by the self-consistent
scheme approximation. Significant results concerning elastoplastic tangent moduli. initi;11 and
subsequent yield surfaces. residual stresses and stored energy and tedure development for FCC and
BCC pt,lycrystals are reported.

I. INTRODUCTION

During large e1astoplastic straining of polycrystals, a deep change of the material internal
state is commonly observed. This change of state induces a strongly path-dependent overall
nehaviour. Classical phenomenological description of such a complex hehaviour needs
numerous parameters rather dilllcult to identify.

Since the pioneering work of Taylor (llJ38). a great ctfort has been developed in order
to incorporate more microstructure, micromechanics and physics into a continuous and
discretc description of the polycrystalline- iilelastic behaviour at finite deformation. By
assuming a uniform plastic strain field over the whole sample the Taylor hypothesis cannot
take into account isotropic hardening due to the increase of dislocation density and kine­
miltic hardening due to the dislocations associated with internal stresses. In Mura 's (llJ1Q)
terminology this assumption implies that only impotent distributions of dislocations can
exist which is certainly not the case.

More recently. the general methods (Kroner. 1%7; Dederichs and Zeller. IlJ73) which
work for the case of linear properties of heterogeneous materials wen: adapted for the
derivation of the local strain rate tield from the imposed boundary conditions and the
deviations of the local incremental moduli from those of a fictitious homogeneous solid
(Berveiller and Zaoui. 1984; Lipinski and Berveiller. 1989). This formulation leads to an
integral equation relating the local strain rate field to the (uniform) strain rate imposed at
the boundary.

[n the case of a topology corresponding to the inclusion-matrix situation. this integral
equation reduces to the classical Eshclby's (1957) inhomogeneous inclusion problem. and.
in the context of microheterogeneous solids. to the self-consistent scheme proposed by
Kroner (1958), Hill (1965). and developed among others by Hutchinson (1970). Budiansky
and WU (196:!), Berveiller and Zaoui (1979), Iwakuma and Nemat-Nasser (llJ84) and
Lipinski and Berveiller (1989).

The system,ltic large strain self-consistent approach was developed numerically by
Iwakuma and Nem,lt-Nasser (1984) using a two-dimension,11 model in uni,lxialloading and
assuming ,I given set of two potentially active slip systems. This simplification neglects one
of the most import,tnt problems in polycrystalline plasticity corresponding to the fact that.
for FCC or Bee metals, there are at least twelve glide systems available. One main task of
polycrystalline modelling is to detect among all the crystallographically possihle systems.
those which are potentially active (resolved shear stress equals the critical shear stress) and
among this set the subset corresponding to effectively active systems. By neglecting this
rnultislip mechanism. ~econd-order internal stresses and cross-hardening between slip sys­
tems are not correctly described in radial as well as in non-radial loading paths. As a
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consequence. induced plastic anisotropy related to texture formation is badly described.
These simplifications are not made in the Lipinski and Berveillers' (1989) approach. which
formulated a truly three-dimensional self-consistent approach and applied it to many
problems (Lipinski et al.. 1990).

In this contribution. the theory is not reintroduced since it was published elsewhere.
Only significant results concerning FCC and BCC metals are presented and discussed.
Special attention is given to the evolution of fields describing the internal state and their
influence on the overall behaviour. In the last part of the paper we discuss the limitations
of such an approach.

2. LOCAL BEHAVIOUR AND OVERALL RESPONSE

In this section. results concerning the overall behaviour (stress-strain curves. elasto­
plastic tangent moduli. initial and subsequent yield surfaces) obtained from the self­
consistent formulation are presented. They concern high stacking fault energy FCC
mctals or BCC metals. First of all. the initial state of the polycrystal has to be dcfined and
the single crystal mechanical response to be identified.

(a) Initial state oj" t!le !,olyerystal lind single crystal he!llll'iollr
For usual FCC or BCC crystals. the elastic behaviour is almost isotropic and can be

defined by the usual Lame constants ;.. II. Calculation done for anisotropic elasticity docs
not show a large inlluence at least for AI or eu anisotropy. FCC single crystals possess 12
easy slip systems: III : <110) which may glide in two senscs. and the same initial critical
shear stress til for a well-recrystallized material. For Bee crystals. the situation is morc
complicated. We assume that the pencil glide may he described by two families of slip
systems {I 10:· <III). {112} <110) having equal or different initial critical shear strcsses.

The hardening matrix for both crystal symmetries contains only two terms. HI and
H 2• corresponding to weak and strong interactions between the glide systems (sec Franciosi.
19~n; Franciosi et al.. 19XO). The weakest term III corresponds to the slope in stage II of
a singh: crystal experiment. It is nearly equal to IL/250 for FCC crystals and to /1/500 for
Bee crystals. The second term 11 2 is deduced from latent hardening experiments and is
taken as A x Ill, A being the anisotropy factor of the hardening matrix. For FCC metals,
A lies between I and 3. In our calculations, III and A arc taken as constant during the
loading (linear hardening). The initial second-order residual stresses arc assumed to be zero
for recrystallized materials.

The polycrystalline state of the sample is characterized by the initial shape and orien­
tation of the ellipsoid corresponding to the grains. For a given ellipsoid. the shape is defined
by three semi-axis lI. hand c and its orientation with respect to the macroscopic frame by
three angles (Ct. [J. y). In each grain. the orientation of the lattice is described by three Euler
angles lfJI. (P. (P~, corresponding to the choice of Bunge (1969). Finally. for each grain. the
volumic fraction is defined by j;. and some preliminary numerical tests have shown that.
with a sutllcient accuracy. the behaviour is well described by 100 grains with initial random
orientation.

All these parameters have a physically well-deli ned meaning and. in principle. they
may be obtained from experiments on single or polycrystals. This reduced set of physical
parameters is sufficient to reproduce quantitatively many experimentally observed phenom­
ena. In the following. we present results concerning multiaxial strcss state for proportional
and non-proportional loading paths.

(b) O!"erafl he!tal'ioLlr/or FCC !,olycrystals
Figure I presents several rcsults ror a tcnsile test and for various aspect ratios of the

initial grain shape (FCC mctals). The tensile axis is parallel to the c axis of grains. For all
the curves. onc observes the well-established behavior of FCC metals (Jaoul. 1964):



\-fuddling of polycrystalline plasticity 1875

_ 8+------L-----'........---"'----.........--'-~_:::::r__r..
Cl.
~

8

2

8642
O+----or----.-----..-----..------...----+

o 10

EPn (%)

Fig. I. The intluence of the grains shape of tensile curves for a FCC polycrystal.

-a first stage (until 2 or 3% plastic strain) with a parabolic evolution corresponding to
the progressive activity of slip systems and whose strongly decreasing h'lrdening is mainly
due to internal stresses;

-a second, almost line.lr stage (for E" > 3(10) with a slope 'Ipproximatcly equal to one
hundred times the clastic Young modulus;

-the difference in the curves for various 'Ispect ratios of the grains is mainly due to the
reaction stress between the grains and the matrix.

For .1 non-monotonic and non-radial loading path, Fig. 2 shows the evolution of the
inst.tntancous c1astoplastic tangent moduli during a tensile test in direction I until EP has
reached a value of 0.4°1., followed by a fully unloading and a subsequent tensile test in
direction 2. As expected. a very important and rapid change of the tangent moduli is
obtained by an abrupt change in path loading.

In the ~ I-~ 1 stress subsp'lce. the initial yield surface corresponds to the Tresca criterion
for plastic offset of 0% and tends to the von Mises ellipse for an offset of 0.2% plastic
strain. The yield surfaces are strongly affected by the strain history. i.e. they depend both
on the strain amplitude (measured by the von Mises equivalent plastic strain I:<~) and
prestraining direction. Moreover. the shape of the subsequent yield surfaces is highly
dependent on the definition of the plastic offset.
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Fig. :!. Tangent moduli evolution during a non-radial loading path.
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Figurc 3 shows the clrcl.:t of a small plastic prestrain (tcnsile tcst up to 0.4% plastic
strain) on the shape of thc suhscqucnt yield surface. This shapc depcnds in an important
mannCf on thc chosen plastic llll"sct whidl rdlccts the dkcts llf thc internal strcss state
introduced hy the preloading. It is clear that the inlluence of the crystallllgraphic and
mllrphoillgical texture is ncgligihle.

For a larger all111ullt llf prestrain. the inlluence llf textures hel.:llmeS predominant evcn
if internal stn:sses arc alway~ present. (n the I.:ase of Bee metals. Fig. 4a and h slwws
simultaneously the suhsequent yidd surfal.:es and the indul.:ed I.:rystallographil.: texture for
two dillcrent prdoading din:l.:tions. The random initiall.:rystallographil.: texture disappears
and a strongly path-t!l;pl.:lltlcnt lI.:xture is huilt. relll.:l.:ting the plastil.: anisotropy of thl.:
matl.:rial. Thl.: shape of the suhsequent yidd surfal.:es is less plastil.:-olrset-dependent than
previously; this indicates that the internal stress dkl.:t is rdatively less important. These
phenomena arc in agreement with the results presented below and l.:olll.:erning the polyl.:rystal
internal state I.:volution.

J. EVOLlJTIOt" OF Till' ':"InC'-lAL STATE 01· Till' l'o!.YCRYST.·\!.

Classil.:al sdf-wnsistent modelling whidl takes the grain and the lattil.:e inside the grain
as a whole can only give information ahout the grain's shape and orientation of the lattil.:e.
The grain's evolution has a \\eak imp'lI.:t on the overall hehaviour of the material compared
with the Iallic..: rotation. The lall..:r may s..:rve as a test for moddling sinl.:": it is ..:xp..:rimentally
available hy mod..:rn X-ray techniqu..:s.

The relative misorientation of the grains of the polycrystal and th..: plastic anisotropy
of the singk I.:rystal gen..:rat..:, during plastic straining of th..: material. s":l.:onJ-order int..:rnal
stresses. i.e. the str..:ss..:s at th..: grain kvel whidl arc dilr..:rent from grain to grain. Th..:se
stresses play an important rok in the hardening phenomenon. ror instanl.:e. in spite of the
linear hardening of the single I.:rystal the overall tensile stress -strain I.:urve (rig. I) exhihits
a non-linear aspel.:t due to these str..:sses.

The sdf-I.:onsistent modelling enahks us to I.:akulate the residual stresses inside cadI
grain and to follow their evolution in the funl.:tion of the plastic strain. Figure 5 depicts the
evolution of the three I.:omponents of residual stress tensor. namely 11 1 \. 11.:.: and (j 1." during
a tensile test in direction 3. A very rapid evolution of these stresses can he ohservcd during
the first 3% of plastil.: strain followed by quasi-linear evolution such that the 1111 component
is pral.:tically equal to one-third of the now stress. Of course these residual stresses arc sdf­
equilibrated. On the other hand the internal stresses contrihute to the innease of the stored
energy of the material.
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At small deformations of FCC und Bee metals two phenomenu arc in competition.
namely lllultiplication .lOd annihilution of dislocutions and their spatial n:armngement. The
form of the organization of dislocutions varies with the amplitude of plastic strain from
irregular clusters toward strongly distinguished cells. For more advanced strains slip bands
appear. The dislocations arc concentntted inside clusters, cell walls or slip bands which are
surrounded by relatively dislocation-free zones. This highly inhomogeneous and incom­
patible deformation pattern induces third-order residual stresses and associated phenom­
enon of energy storage which arc modelled in the self-consistent approach only in a general
sense.

In order to estimate globully the importunce of the residuul stresses we propose to
analyse the evolution of the stored energy rv. as a function of the plastic strain imposed
on the polycrystal. lV. is the stored energy associated only with the second-order internal
stresses. Let W. be the anelastic work done during the deformation process whose part Q
is dissipated in the form of heat and another part is stored in the material. Figure 6 shows
the evolution of the fraction of stored energy defined as F = IV.! n·". The general aspect as
well as the magnitude of the calculated quantity is in a good agreement with the experimental
observations (Bever £'t al.• 1973).
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I;ig. 5. Resll.lu.t1 stress as a IUIl\;tllln 01 the eqUIvalent strain during a tensile test in direction 3. The
dil1i:rent curves correspond to Ihe orientalion of the tensile axis wilh respeci tll the latlice.

Figure 7 shows the evolution of the stored energy during a complex loading path. Here
the tensile preloading of up to 20% of the plastic strain is followed by the compression test.
The mechanical release of the stored energy is observed at the beginning of the compression.
This release can be associated with the relaxation of internal stresses due to activation of
different slip systems than that active during the tensile deformation which introduced a
particular pattern of internal stresses. Analogous evolutions of the stored energy were
observed experimentally (Bever el al., 1973). This phenomenon plays an important role in
the developmental processes for which the straining paths are not proportionaL leading to
local plastic instabilities.

Figure 8 presents the evolution of the crystallographic texture during rolling of a Bee
metal. Two types of pole figures are drawn, namely the 200 and 110 poles. The initially
random texture is shown at the top of the figure, followed by the same poles at 20% and
90% of plastic strain. The comparisons with the experimental measurements by Donadille
(1989) are also presented. A very good agreement between the experiment and the self­
consistent prediction is visible. This agreement assures the good description of the elasto­
plastic anisotropy of the material because the crystal10graphic texture is the principal factor
of this anisotropy.
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Fig. 6. Evolution of the fraction of stored energy as a function of the plastic strain.
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Il...ding path.

4. DISCUSSION AND CONCLUSION

The aim of this contribution was to present some global and more local results obtained
by the classical self·consistent model applied to the e1astoplastic behaviour of polycrystals
at large strains. Despite a qualitative ,md quantitative agreement between the theoretical
and the experimental results. such an approach has its limits. which may be divided into
two groups.

(i) The first limitation has its origin in the I~lct that the classical self·consistent approach
is only an approximation of the general integral equation solving complex boundaring value
problems for the microinhomogeneous body. In the frame of this integral equation. other
approximations may be developed in order to take into account some specific micro­
structures. For example. in the case of strongly inhomogeneous two-phase materials. a
multisite self·consistent scheme (Fassi-Fehri et al.• 1989) or a three-phase composite model
(Zaoui et al., 1990) may be used. Nevertheless in the case of usual single-phase polycrystals
the limitation at large (or sometimes small) strains of the classical self-consistent model
results more from the intragranular-induced microstructure than from the granular charac­
teristics of the polycrystal.

(ii) Due to the assumption of homogeneous plastic strain or strain rate inside the
grains, the strain-induced intragranular microstructures are neglected. They correspond to
the heterogenization of dislocation density during the plastic flow.
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From these points of view. interactions between grain boundaries and slip systems arc
taken into account only in a special manner (surface dislocations).

Elli.:cts such as pile-ups are absent in such models so that grain size effects arc no longer
present in the numerical results when they arc experimentally well established. In the same
way. the formation of dislocation substructures. i.e. cells and walls poorly described by the
hardening matrix. mean that phenomena like microshear-banding and (or) transgranular
slip cannot be reproduced by such models. This explains why the obtained results correspond
better to high stacking fault energy metals for which the multislip mechanism is the principal
deformation mode.
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